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2 (associative shortest path problem) (ASP) :
$\min_{p}[t_{1j^{\mathrm{O}}j}tk^{\circ}\ldots \mathrm{o}tmN]$





(parametric shortest path problem) .
1 2
}$\backslash \backslash ^{\backslash }$ . 2
2
$G=(V,A)$ , 1, $N$ $(i,j)\in A$
: $R^{1}arrow R^{1}$ 1 $N$
$(1, j, k, \ldots, m, N)$
$(f_{1j}\circ f_{jk}\mathrm{o}\cdots \mathrm{o}fmN)(x)$ , (1)
$0.:F\cross\tauarrow \mathcal{F}$ ($F=\{f|f$ : $R^{1}arrow R^{1}$ , mapping})
: $(f\mathrm{o}g)\mathrm{o}h=f\mathrm{o}(g\mathrm{o}h),$ $f,g,$ $h\in F$ 2
$x$ 1 $N$ (1)
(parametrtic associative shortest path
problem)
PASP $=( \min, \{f_{ij}\}, F^{*}(s), 0)$
: 1: 2
; 2: $\mathcal{F}^{*}(S)$ 2 $0$ #
$(\circ:\mathcal{F}*(s)\cross \mathcal{F}^{*}(S)arrow F^{*}(s))$ , $i,j\in V$ $f_{ij}\in \mathcal{F}^{*}(S)$
$F^{*}(S)\subset F(S)=$ { $f|f:Sarrow R^{1}$ , mapping}
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; 3: $F^{*}(S)$ : $f\circ\ldots I(\circ)=I(0)\mathrm{o}f.=f-\forall,f\in F^{*}(S);-$
,
4: $f,g\in F^{*}(S)\Rightarrow f\wedge g,$ $f\vee g\in F*(S)$ . .
PASP :
$F_{i}(x)= \min_{p}[(f_{ij^{\mathrm{O}f_{j}}}k\mathrm{O}\cdots \mathrm{o}f_{mN}).(x)]$ , $p=(i,j, k, \ldots, m,N)$ .
( ) :
$F_{i}(x)$ $=$ $\min[(f_{ijj}\mathrm{o}F)(X)]$ , $i\neq N$ , $F_{N}(x)=I(0)(x)$ . (2)
$j\in D\{i)$
$D(i)$ $=$ $\{j\in V|(i,j)\in A\}$ (3)
–
PASP
$\lambda\in F^{*}(S)$ : .
$F_{i}( \lambda(\cdot))(X)=\min_{p}[(\lambda \mathrm{o}fij\mathrm{o}f_{j}k\mathrm{O}\cdots \mathrm{o}f_{mN})(x)]$ . (4)
( ) :
1
$F_{i}(\lambda(\cdot))(X)$ $=$ $\min[F_{j((\lambda \mathrm{o}f_{i})}j(\cdot))(x)]$ , $i\neq N$ (5)
$j\epsilon D(i)$
$F_{N}(\lambda(\cdot))(_{X)}$ $=$ $\lambda(x)$ . (6)




$F_{i}(\lambda(\cdot))(x)$ $=$ $\min F_{j}((\lambda \mathrm{o}fij)(\cdot))(X)$
$j\in D(i)$
$\equiv$ $F_{\pi_{x}\{i;\lambda})((\lambda\circ f_{i}\pi x(i;\lambda))(\cdot))(x)$ .











$(\lambda \mathrm{o}F_{i})(X)_{-\min_{i}}-[\{(\lambda j\epsilon D()\mathrm{o}fij)\mathrm{o}Fj\}(X)]$
$\lambda$ $I(\circ)(\cdot)$ (2)
3
PASP 2 $0$ 2 $\bullet$ :













2 $\bullet$ 2 $0$ :
1:2 $\bullet$
2:( $\text{ }\backslash ^{\backslash }$ ) $(f\mathrm{o}g)(X)=(\overline{\overline{f}}\bullet\overline{g})(x)$ $x\in S$ ;
3: $(\circ, \mathcal{F}^{*}(S))$ : $\Leftrightarrow$ $(\bullet$ , $\overline{\mathcal{F}^{*}(S)})$ : , $\overline{F^{*}(S)}=$. $1-F^{*}(s)$ ;
4 : $I(0)(x)=1-I(\bullet)(x)$ $x\in S$ ;
5: $F(f,g-)=f\mathrm{o}g,$ $G(\overline{f},\overline{g})=\overline{f}\bullet$ $\overline{g}$ ‘- $f\in P(S)\overline{f}\in\overline{\mathcal{F}^{*}(S)}$









DPASP $=({\rm Max}, \{\overline{f}_{ij}\},\overline{F^{*}(S)}, \bullet)$
$.\text{ }$ D7 PASP $\mu\in\overline{F^{*}(.S}\overline{)}$
.
:
$G_{i}(\mu(\cdot))(_{X})=Maxp[(\mu\bullet\overline{f}_{ij^{\bullet}}\overline{f}_{jk} \bullet... \bullet\overline{f}_{mN})(x)]$ (9)
( ):
$G_{i}(\mu(\cdot))(X)$ $=$ $j\epsilon D(i){\rm Max}[G_{j}((\mu\bullet\overline{f}_{ij})(\cdot))(x)]$ , $i\neq N$ (10)




2 $0$ $\bullet$ $1\sim 5$ PASP DPASP
2( ) $i\in V$
$F_{i}(\lambda(\cdot))(X)+G_{i}(\overline{\lambda}(\cdot))(x)=1$ $x\in S$, $\overline{\lambda}(x)=1-\lambda(x)$ (12)
( PASP ) $=$ ( DPASP )
3
(12) – ( )
( $F_{i}(\lambda(\cdot))(X)$ $G_{i}(\overline{\lambda}(\cdot))(x)$ ) (12) $\text{ }\lambda=I(0)$
:
$F_{i}(x)+G_{i}(x)=1$ $x\in S-$, (13)
2 $0$ $F^{*}(S)$ 2 2 $\circ$ $\bullet$
5 (2), (3)
53
( $F_{i}(X_{-})$ $G_{i}(x)$ ) ( $F_{i}(x)$ $G_{i}(x)$ )
– (13)
O
. ( $0=\vee$ $\bullet=\wedge$ ) .
PASP $(F^{*}(s), 0)$ :
$(f\mathrm{o}g)(x)=f(x)\vee.g(x.),$ $F^{*}(S)=\{f|f : Sarrow[.a, b]\}$ , $I(0)(X)\equiv b$ .
$F(f,g)=f\mathrm{o}g$ $g$ $F^{*}(S)$ 2
PASP :
$F_{i}(x)$ $=$ $\min[f_{ij}(x)F_{j}(x)]$ ,
$j\in D(i)$
$F_{N}(x)$ $=$ $I(0)(X)\equiv b$ .





$g)(– x.\cdot).---,$ $.\cdot f.(X:)..\wedge g(X),$ $.\overline{\mathcal{F}^{*}(S)}---\{f|..f:.S-_{-}[1-a, 1-b]\}$ , $I$ ( $\bullet$ ) $(x)\equiv 1-b$ .
2 $0$ 2 $\bullet$ 5 $G(f,g)=f\bullet$ $g$ $g$ $\overline{F^{*}(S)}$
DPASP
:
$G_{i}(x)$ $=j\in D(i){\rm Max}[\overline{f}_{ij}(x)\wedge G_{j}(x)]$ ,
$G_{N}(x)$ $=$ $I(\bullet)(X)\equiv 1-b$ .
2($f\mathrm{o}g=f+g-fg$ $f\bullet g=fg$ )
PASP $(\mathcal{F}^{*}(S), 0)$ :
$(f\mathrm{o}g)(x)=f(X)+g(X)-f(x)g(x),$ $F^{*}(S)=$ { $f\in F(S)|f\geq 1$ or $f\leq 1$ }, $I(0)(x)\equiv 0$ .
$F(f,g)=f\mathrm{o}g$ $g$ $\mathcal{F}^{*}(S)$
:
$F_{i}(\lambda(\cdot))(x)$ $=$ $\min[F_{j}((\lambda+f_{ij}-\lambda fij)(\cdot))(x)]$ ,
$j\in D(i)$
$F_{N}(\lambda(\cdot))(_{X)}$ $=$ $\lambda(x)$ .
DPASP $(\overline{\mathcal{F}^{*}(S)}$ , $\bullet$ $)$
:













$F_{i}(x)$ $=$ $\min[f_{ij}(x)+F_{j}(x)-fij(x)F_{j}(x)]$ ,
$j\in D\{i)$
$F_{N}(x)$ $=$ $I(0)(x)\equiv 0$
:
$G_{i}(x)$ $=j\in D(i){\rm Max}[\overline{f}_{ij}(x)\cross G_{j}(x)]$ ,
$G_{N}(x)$ $=$ $I(\bullet)(x)\equiv 1$
3 ($f \mathrm{o}g=\frac{fg}{1+(1-f)(1-J)}$ $f \bullet g=\frac{f+g}{1+fg}$) .
PASP $(\mathcal{F}^{*}(s), 0)$ :
$(f \mathrm{o}g)(x)=\frac{f(x)g(_{X})}{1+(1-f(_{X}))(1-g(x))},$ $F^{*}(S)=$ { $f\in \mathcal{F}(S)|0\leq f\leq 1$ or $f\leq 0$ }, $I(0)(X)\equiv 1$ .
2 $F(f, g)=f\mathrm{o}g$ $g$ $F^{*}(S)$
:
$F_{i}(\lambda(\cdot))(X)$ $= \min_{j\in D(i)}[F_{j}((\frac{\lambda f_{ij}}{(1-\lambda)(1-fij)})())(x)]$ ,
$F_{N}(_{-}\lambda(\cdot))(_{X)}$ $=$ $\lambda(x)$
DPASP $(\overline{\mathcal{F}^{*}(S)}$ , $\bullet$ $)$
: $-$
$(f \bullet g)(_{X})=-\frac{f(x)+g(X)}{1+f(x)g(x)},$ $\overline{\mathcal{F}^{*}(S)}=$ { $f\in F(S)|0\leq f\leq 1$ or $f\geq 1$ }, $I(\bullet)(x)\equiv 0$ .
:
$G_{i}(\overline{\lambda}(\cdot))(x)$ $=j \in D\mathrm{t}i){\rm Max}[G_{j}((\frac{\overline{\lambda}+\overline{f}_{ij}}{1+.\overline{\lambda f}_{ij}})$ $())(x)]$ ,
$G_{N}(\overline{\lambda}(\cdot))(_{X)}$ $=\overline{\lambda}(x)$
55




$F^{*}(S)=\{f\in F(S)|0\leq f\leq 1\}$
$F(f, g)=f\mathrm{o}g$ $g$ $F^{*}(S)$ Y-
: . $.\backslash \backslash$ ,
$F_{i}(x)$ $=$ $\min_{j\in D\mathrm{t}^{i)}}..[.\frac{f_{ij}.(X)F_{j}(X)}{1+(1-f_{i}j(_{X)})(1-F_{j(X))}}..]$ ,
$F_{N}(x)$ $=$ $I(0)(X)\equiv 1$
:
$.G_{i}(.x)$
$=j \in D\langle i){\rm Max}[...\frac{\overline{f}_{ij}(X)+Gj(X)}{1+\overline{f}_{ij}(X)G_{j}(X)}]$ ,
$G_{N}(x)$ $=$ $I(\bullet)(.x)\equiv 0$
. 4 1 PASP $(F^{*}(s), 0)$
:
$(f\mathrm{o}g)(x)=f(x)\vee g(x)$ , $F^{*}(S)=\{f|f : [0,1]arrow[0,10]\}$ .
DPASP 2 $(\overline{F^{*}(S)}$, $\bullet$ $)$
: .: .




$)$ , DPASP $G_{1}.(x.\cdot)$
:
$F_{1}(x)=\{$
$4+x$ , for $0 \leq x\leq\frac{2}{3}$
$6-2x$ , for $\frac{2}{3}\leq x\leq 1$
$G_{1}(x)=\{$
$-3-x$ , for $0 \leq x\leq\frac{2}{3}$
$2x-5$ , for $\frac{2}{3}\leq x\leq 1$
$-$
$F_{1}(x)+G_{1}(x)=1$ $x\in S$
(1, 3, 6, 7), for $0 \leq x\leq..\frac{1}{3}$
$(1;2,5,7)$ or (1, 3, 5, 7), for $\frac{1}{3}\leq x\leq\frac{2}{3}$
(1, 2, 4, 7), for $\frac{2}{3}.\leq x\leq 1$
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5 3 PASP $(F^{*}(s), 0)$
:
$(f\mathrm{o}g)(x)=f(x)+g(x)-f(x)g(x)$ , $F^{*}(S)=$ {$f|f$ : $[0,1]arrow R^{1}$ , $f\geq 1$ or $f\leq 1$ }.
DPASP 4 $(\overline{\mathcal{F}^{*}(S)}$, $\bullet$ $)$
:





$\overline{\lambda}(x)(X+1)(2x+1)(-\frac{1}{2}x+\frac{1}{2})$ , for $\overline{\lambda}\leq 0$




$F_{1}(I(\cdot))$ $=$ 1– $c_{1}(I\overline{(0)}(\cdot))(x)=1-G_{1}((1-I(0))(\cdot))(X)=1-G_{1}(I(\bullet)(\cdot))(x)$
$=$ $1-(x+1)( \frac{1}{2}x+\frac{1}{3})(x+2)=-\frac{1}{2}x^{3}-\frac{11}{6}x-22x+\frac{1}{3}$ .
(1, 2, 4, 7)
6. 5 PASP $(\tau^{*}(s), 0)$
:
$(f\mathrm{o}g)(x)=f(x)g(x)/(1-f(x))(1-g(x)),$ $\mathcal{F}^{*}(S)=$ { $f|f$ : $[0,1]arrow R^{1},0\leq f\leq 1$ or $f\leq 0$ }.
DPASP 6 $(\overline{\mathcal{F}^{*}(S)}$, $\bullet$ $)$
:
$(f\bullet g)(X)=(f(x)+g(X))/(1+f(X)g(x)),$ $\overline{F^{*}(S)}=$ { $f|f$ : $[0,1]arrow R^{1},0\leq f\leq 1$ or $f\geq 1$ }.
3
5 (5), (6) $G_{1}(\overline{\lambda}(\cdot))(X)$
$\overline{\lambda}$
$=$ $1-\lambda>1$ : .$\cdot$
$G(\overline{\lambda}(\cdot))(_{X)}$ $=$ $\{$ $\frac{\frac{(-x^{2}+4x+3)\overline{\lambda}(X)-X^{3}+x+23X+3}{(3_{X^{2}}^{-X^{3}++}+4X+2(x^{2}3+3)\overline{\lambda}(\begin{array}{l}x3\end{array})x_{2^{++}})^{\frac{x}{\lambda}}(X)+x+2x+4_{X}+224X3’}}{(_{X^{3}+2_{X^{2}}}+4X+2)\overline{\lambda}(_{X)+}+3X24X+2’}$
for $0 \leq X\leq\frac{1}{2}$
for $\frac{1}{2}\leq x\leq 1$







$=$ $1- \frac{-x^{3}+2x+2}{-x^{2}+2x+2}.=\frac{x^{3}-x^{2}}{-x^{2}+2x+2}$ .
(1, 2, 4, 7)
1: : $f\mathrm{o}g=f\vee g$ , $f_{ij}$ : $[0,1]arrow[0,10]$
58
2: : $f\bullet$ $g=f\wedge g$ , $\overline{f}_{ij}$ : $[0,1]arrow[-9,1]$
3: : $f\mathrm{o}g=f+g-fg$ , $f_{ij}$ : $[0,1]arrow R^{1}$ , $f_{ij}\geq 1$ or $f_{ij}\leq 1$
59
4: : $f\bullet$ $g=fg$ , $\overline{f}_{ij}$ : $[0,1].arrow R1,$ . $\overline{f}_{ij}\geq 0$ or $\overline{f}_{ij}\leq 0$
5: : $f \mathrm{o}g..=\frac{fg}{1+(1-f)(1-\mathit{9})}$ , $f_{ij}$ : $[0,1]-arrow R^{1}$ , $0\leq f_{ij}\underline{<}1’-$ or $f_{ij}\leq 0$
60
6: v : $f\bullet$ $g=(f+g)/(1+fg)$ , $\overline{f}_{ij}$ : $[0,1]arrow R^{1}$ , $0\leq\overline{f}_{ij}\leq 1$ or $\overline{f}_{ij}$. $\geq 1$
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